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Integrated model of channel evolution 
 

Dr. N.L. DONGRE 

 
“And if these mountains had eyes, they would wake to find two strangers in their fences, standing in  
               Admiration as a breathing red pours its tinge upon earth's shore. These mountains, which have  

                                      Seen untold sunrises, long to thunder praise but stand reverent, silent so that  

                                                 Man’s weak praise should be given God's attention.”  

 

― Donald Miller, Through Painted Deserts: Light, God, and Beauty on the Open Road 

 

 
 

Alabama is beautiful throughout the year but especially in the fall. As the greens of summer surrender to 

glittering yellow poplars, scarlet dogwoods, orange maples and golden hickories, Alabama unfolds its 

patchwork quilt of color. This blend of brilliant autumn foliage, coupled with cooler temperatures and an 

occasional gentle breeze, makes for an unforgettable experience. Fall colors will begin showing in the 

mountains of North Alabama in early October and then sweep across the region. Colors will be at their 

peak from late October to early November. (Google photo) 
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____________________________________________________________________________ 

 

1. Abstract.  [1] A drainage channel simulation model introduced 

here incorporates threshold slumping and both detachment- and 

transport -limited fluvial processes. Fluvial erosion of natural slopes 

and headwater channels is argued to be dominantly detachment-

limited. Such slopes undergo nearly parallel retreat and replacement 

with alluvial surfaces under fixed base level, in contrast with gradual 

slope decline for transport-limited conditions. The arrangement of 

divides and valleys is sensitive to initial conditions, although average 

morphology is insensitive. Dissected, initially flat surfaces in which 

downstream concavity is slight exhibit nearly parallel drainage, 

compared to very wandering main valleys when concavity is great. 

Steady state is reached after a cumulative base level drop 

approximately 3 times the final relief. Simulated valley systems are 

similar to those predicted by a previous model of optimal drainage 

basins. A critical value of slope divergence normalized by average 

slope gradient is a useful criterion for defining the valley network. 

_________________________________________________________________________ 

 

2. Introduction 

 
[2] The advent of high-speed computing permits simulation of the temporal evolution of 

geomorphic systems, including entire drainage basins. The model introduced here explores 

general questions of drainage basin evolution, including the following. (1) What is the simplest 

mathematical model that simulates morphologically realistic landscapes? (2) What are the effects 

of initial conditions and inheritance on basin form and evolution? (3) What are the relative roles 

of deterministic and random processes in basin evolution? (4) Do process and form in drainage 

basins embody principles of optimization? (5) Is there a characteristic drainage basin form that is 

invariant under waxing or waning relief? (6) What is a practical operational criterion for denning 

the valley network? 

 

[3] The development of drainage basins, that is, landforms with convex to linear slopes 

and a dendritic valley network requires (at a minimum) two superimposed processes. One must 

be "diffusional" or "dispersive," that is, capable of eroding the land surface with finite gradient 

for vanishingly small contributing area, but it should become less efficient as contributing area 

increases, so that gradient increases down-slope if rates of surface lowering are locally uniform. 

The other is a "concentrative" or "advective" process that increases in efficiency with contributing 

area, but requires large gradients for very small contributing areas. This combination of processes 

and the spatial transition from creep diffusion on slopes to concentrative runoff processes in 

channels was recognized very early by Davis [1892] and was summarized succinctly by Gilbert 

[1909, pp. 346-347]: "On the upper slopes, where water currents are weak, soil creep dominates 

and the profiles are convex. On lower slopes water flow dominates and profiles are concave." 

 

[4] As was discussed by Carson and Kirkby [1972], Kirkby [1971], Smith and 

Bretherton [1972], and numerous subsequent workers, the transport capacity Q of many 

geomorphic processes can be approximated as a power function of contributing area A and land 

surface gradient S: 

      𝒬 = ௤𝐴௔ܵఉܭ ,             (1) 

 

where for most processes ߙ, ൒ ߚ  Ͳ. The handover between diffusional and concentrative 

processes is illustrated by a steady state landscape in which the erosion rate is areally uniform and 
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balances the rate of tectonic uplift ࢁ. Then the transport through any location on the landscape 

must equal, over the long run, the product of uplift rate and contributing drainage area [Kirkby, 

1980; Willgoose et al., 1991d, 1992; Tarboton et al., 1992]: 

 

      𝒬 =  ܷ𝐴.           (2) 

 

If the land surface is everywhere "transport-limited," so that actual transport rates equal those 

given in (1), then [Willgoose et ah, 1991d; Tarboton et al., 1992] 

 

ݏ                            =  ଵ/ఉ𝐴ሺଵ−ఈሻ/ఉ                (3)[௤ܭ/ܷ]

 

Process with 𝜶 <  ͳ will be diffusional, and those with ܽ >  ͳ will be concentrative. Mass-

wasting processes are usually diffusional, and creep is commonly modeled with ܽ =  Ͳ and ߚ =  ͳ. Transport of sand in alluvial channels is concentrative with ܽ ≃  ͳ.ͷ and ߚ ≃  ʹ. 
Drainage basins will result from a linear combination of a diffusional and concentrative process, 

with the handover between the processes occurring at that contributing area where they have 

equal required gradients, thus determining the drainage density and the basin scale. Smith and 

Bretherton [1972], Kirkby [1980], Loewen-herz [1991], and Tarboton et al. [1992] discuss 

basin development and landscape scale for transport-limited processes in a general framework not 

restricted to steady state landscapes. 

 

[5] In many, perhaps most, landscapes the actual transport rates are in some places 

considerably less than would be predicted for transport-limited processes. One case occurs when 

bedrock is exposed on slopes and the rate of local erosion is determined by weathering rates 

("weathering-limited" conditions [Carson and Kirkby, 1972]). The volume of bed sediment 

transport by wash processes on hillslopes and low-order rills and channels is argued below to be 

limited by the ability of the flow to entrain or erode regolith (residual soils or colluvium) or 

bedrock, giving "detachment-limited" conditions [Howard, 1994]. The rate of detachment can be 

quantified in much the same way as the potential rate of transport. The combination of transport-

limited mass wasting with detachment-limited wash processes also produces drainage basins, 

because at steady state the gradient of detachment-limited channels follows a relationship similar 

to (3). However, the transient response of detachment-limited landscapes to variations in rate of 

uplift (or base level lowering) is considerably different than for transport-limited conditions, with 

important implications for landscape evolution. The landform model of Ahnert [1976, 1977, 

1987a] also distinguishes between suspended-load (detachment limited) and point-to-point 

(transport limited) runoff erosion. 

 

[6] Few systematic observations have been made of transport and erosion by water in 

natural headwater slopes and channels. The observations in support of detachment-limited 

conditions are based upon the informal observations of slopes in the areas of moderate to high 

relief in areas of humid temperate, mediterranean, and arid climates. Erosion by overland flow 

and ephemeral rilling on steep, vegetated slopes is nearly always detachment limited owing to the 

protection offered by the leaves, stems, and roots. Ephemeral or perennial rills on such slopes 

usually lack a loose sedimentary cover, with exposure of cohesive regolith or rock pavements 

where flow has removed vegetation. As is discussed by Howard [1994], rills and steep washes 

on badland slopes are generally also detachment-limited owing to the shale or regolith cohesion. 

Slopes with transport-limited conditions in overland flow and headwater rills seem to be confined 

to bare, low-gradient slopes with fine-grained, friable regolith, as may occur on some agricultural 

slopes in sandy soils, dissected alluvial deposits, and the low-relief, sandy slopes discussed by 

Dunne and Dietrich [1980] and Dunne and Aubrey [1986]. The absence of an alluvial cover 



4 

 

on the slope or in ephemeral rills under low- or no-flow conditions is diagnostic of detachment-

limited conditions. 

 

[7] Diffusion processes are commonly equated with mass wasting and concentrative 

processes with wash processes, but common exceptions occur. Gilbert [1909], Howard [1970], 

Moseley [1973], Dunne [1980], and Dunne and Aubrey [1986] have noted that rain splash is a 

diffusive process that can create convex divides and inhibit rilling. In circumstances where stream 

discharge decreases downstream or where transport of coarse bed load in stream networks occurs 

without downstream fining, the exponent ܽ may be less than unity, producing a diffusional 

regime. In fact, diffusion equations are commonly used to model sediment basin deposition 

[Flemings and Jordan, 1989; Paola, 1989; Paola et al., 1992; Rivenaes, 1992]. Snow and 

rock avalanches on steep, bedrock slopes can produce concentrative erosion, eroding chutes to 

create spur and gully terrain [Matthes, 1938; Blackwelder, 1942; Rapp, 1960a, b; Howard, 

1990b; Howard and Selby, 1994]. The debris flows and avalanches frequently originating from 

colluvial hollows in high-relief, vegetated, soil-mantled slopes are an important erosional agent 

along the steep, low-order channels through which the flows move [Hack and Goodlett, 1960; 

Williams and Guy, 1973; Osterkamp and Costa, 1986; Dietrich and Dunne, 1978; Benda, 

1990; Seidl and Dietrich, 1992; Kirkby, 1987]. The requirements for a critical volume of 

surface or regolith water, a sufficiently steep slope, an accumulation of colluvium in hollows, and 

the flowlike behavior after mobilization lead to such avalanches being concentrative processes. 

 

[8] Several quantitative models of landform development have been published over the 

last 30 years. The pioneering efforts of Kirkby [1971, 1976a, b, 1985a, b, 1989] and of Ahnert 

[1976,1977,1987a, b, 1988] have helped to define the appropriate process laws and explore their 

implications for drainage basin form, although most of these studies have been limited to 

analytical solutions under restricted process and boundary conditions or simulations of slopes 

only in profile. Numerous other studies have focused on the factors controlling stream 

morphology, longitudinal stream profile evolution, and drainage network development. 

 

[9] Although a few simulations have been made of erosional processes and drainage 

network development on slopes [Armstrong, 1976; Kirkby, 1985b, 1986; Dunne and Aubry, 

1986], the model of Willgoose et al. [1991a, b, c] and its descendants are the only attempts at 

high-resolution, process-based simulation modeling of slope and channel development at the 

basin scale. The present model contrasts with that of Willgoose et al. [1991a, b, c] in major 

respects. The Willgoose model (along with most previous models) assumes that overland flow as 

well as flow in channels is transport limited, whereas the present model assumes that erosion in 

many locations, particularly in headwaters, is detachment-limited. 

 

[10] The Willgoose model also assumes that individual simulation cells are either 

channels or slopes, with a "channel activation" function determining transitions between node 

types. In the present model there is no such distinction, with both fluvial and slope processes 

assumed to occur within each cell. This leads to a simpler set of governing equations. The use of 

an activation function in the Willgoose model automatically defines the channel network and 

drainage density. In the present model the location of channel heads is defined by a morphometric 

criterion. 
 

3. The Model 
 

3.1 General Features and Assumptions 

 

[11] Within each square matrix cell of dimension ߜ by 𝜹 both slope and channel 

processes occur. The width ܹ of the active channel is specified to be less than 8, even for alluvial 
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pediments and alluvial fans, corresponding to the observation that flow on such surfaces is 

generally channelized and confined to a few active channels at any time. Both mass wasting and 

fluvial transport/erosion occur in each cell. 

 

[12] Downstream within the drainage basin the channels dominate the processes within 

each cell. However, close to divides, erosion by mass wasting is commensurate with, or greater 

than, channel erosion, and the subgrid-scale fluvial erosion must be characterized. Conventional 

treatment of hillslope runoff divides the flow and sediment transport into unconcentrated 

(interrill, overland, sheetwash) and channelized (rill) modes (see review by Abrahams et al. 

[1994]). On vegetated slopes little erosion occurs until downslope flow accumulation reaches a 

threshold stress capable of disturbing the vegetation mat, so that runoff erosion is essentially 

restricted to ephemeral or perennial rills and gullies [e.g., Dietrich et al., 1993]. On badlands 

and shale slopes runoff often occurs as interflow through shrinkage cracks and small pipes 

[Hodges and Bryan, 1982; Bryan et al., 1984; Gerits et al., 1987; Imeson and Verstraten, 

1988], reemerging into the exposed rill network. On exposed sandy slopes, such as agricultural 

fields, erosion by unconcentrated flow may be appreciable, although the observations from 

experimental plots exaggerate overland flow erosion because of unnatural initial conditions (a 

smoothed rather than the rilled surface that would often evolve if left to natural processes). In 

addition, a considerable proportion of the water erosion may be due to rain splash, which is a 

diffusive process [Ahnert, 1976; Kirkby, 1976b, 1987; Dunne and Aubrey, 1986] and may be 

included under the mass wasting mathematical modeling. Even where overland flow occurs, it is 

generally not uniform but concentrated into shallow channels lacking well-defined banks 

[Abrahams et al., 1994]. This model assumes that runoff erosion occurs only in channelized 

flow. 

 
 

Figure 1. Example of mass wasting flux predicted by (6) when both terms contribute 
 

[13] On natural headwater slopes there might be several ephemeral rills within the area 

represented by one simulation grid cell, but it is assumed that all runoff becomes concentrated 

into a single permanent or ephemeral channel running the length of the cell with a gradient equal 
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to the overall slope gradient and that all fluvial erosion within the cell occurs in this channel. 

Erosion by runoff will be somewhat exaggerated in the present model because of the scale 

efficiency associated with a single channel rather than multiple small channels. Nonetheless, 

channel erosion becomes negligible compared with mass wasting on matrix cells located near 

divides. 

 

[14] As with most quantitative models of landform evolution, local vertical rate of land 

surface elevation change ݀ݐ݀/ݕ is related to local tectonic uplift rate ܷ and the spatial divergence 

of the vector of eroded material flux q (volume per unit width of slope or channel): 

 

ݐ��/ݕ��     − ܷ = ݐ��/ݖ�� = −∇.  (4)            ݍ

 

4. Weathering, Rain Splash, and Mass Movement 

 

[15] Weathering is not explicitly modeled, but is assumed to keep pace with erosion by 

rain splash, mass wasting, or fluvial processes such that everywhere except in some channels 

there is a weathered, cohesive regolith. Creep or slope failure is assumed to occur at a sufficiently 

shallow depth with regard to the thickness of the regolith that its thickness is not a limiting factor. 

Measurements of creep rates below slopes with well-developed regolith generally show most 

movement occurring close to the surface (see review by Carson and Kirkby [1972]). Similar 

assumptions have been made in a number of quantitative slope evolution models [Ahnert, 1976, 

1987a; Armstrong, 1976; Kirkby, 1986, 1987; Willgoose et al., 1991a, b, c]. 

 

[16] Potential erosion or deposition due to rain splash and regolith mass movement is 

given by the spatial divergence of the vector rate of movement ݍ௠: 
 

                    డ𝑧డ௧ |௠ = −∇.  ௠.               (5)ݍ

  

The rate of movement is expressed by two additive terms, one for creep and/or rain splash 

diffusion and one for near-failure conditions (e.g., Figure 1): 

 

௠ݍ     = ௦ℑሺܵሻܭ] + ௙ܭ ଵሺଵ−௄ೣ|𝑆|ೌሻ]  (6)                                    ,ݏ

 

where ℑሺܵሻ is an increasing function of slope gradient, ࢙ is the unit vector in the direction of ܵ, and |ܵ| is the absolute value of local slope gradient. The constants ܭ௦, ௫ܭ , ௙ܭ , and the exponent ࢇ are constants assumed to be spatially and temporally invariant. Simple analysis of rain splash or 

creep driven by gravity suggests that the function ℑሺܵሻ would be the sine of the slope angle ߠ: 

 

      ℑሺܵሻ = sin  (7)             .ߠ

 

However, the present model assumes a linear dependency: 

 

     ℑሺܵሻ = tan ߠ. = ܵ.              (8) 

 

In addition, for most of the simulations, ܭ௙ is assumed to be zero, so that the right side of (5) 

simplifies to the Laplacian of elevation. ܭ௦ߘଶݖ.The model of Willgoose et al. [1991a, b, c] also 

assumes diffusive erosion proportional to the Laplacian of elevation. 
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[17] The second term in the brackets of (6) models near-failure conditions On slopes such 

that mass movement rates increase without limit as gradient approaches a threshold value equal to ሺͳ/ܭ௫ሻ𝟏/ࢇ Kirkby [1984, 1985b, 1987] provides a more comprehensive formulation for landslide 

and talus mass movement that accounts for flow kinematics. 

 

The spatial divergence in (5) is evaluated in eight directions. Relative weighting of one 

third for diagonal terms and two thirds for cross terms is used, equivalent to the nine-point finite 

difference weights for the Laplacian [Gerald and Wheatley, 1989]. 

 

5. Fluvial Processes 

 
[18] The model incorporates both detachment-limited erosion on slopes and steep 

headwater channels as well as sediment transport in alluvial channels. Potential channel 

deposition or erosion ݀ݐ݀/ݖ|ܿ depends upon whether the channel is alluvial or no alluvial and is 

proportional to the spatial divergence of sediment transport flux, ݍ௦: 

  డ𝑧డ௧ |௖ = −∇. ௦ݍ = − డ௤ೞడ௫ ,                                                                       (9) 

 

where qs is the volumetric sediment transport rate per unit channel width, and the downstream 

direction is x (fluvial flows are assumed to be well-channelized and nearly uniform). The 

sediment discharge is broken down into wash load 𝒒࢙࢝, which is assumed to never be 

redepositing except in depressions, and bed sediment (bed load and suspended load) 𝒒࢈࢙, which is 

carried in capacity amounts if an alluvial bed is present. If the channel is alluvial, then 𝒒࢈࢙ is 

predicted from sediment transport relationships. For no alluvial channels the transport divergence 𝜕௤௦/𝝏࢞ is given by an intrinsic detachment capacity (volume per unit area per unit time) ࢊ࡯ 

 

6.  No alluvial channels. 

 

          [19]  In the present context, a no alluvial channel is defined as one in which the bed load 

sediment flux is less than a capacity load. Such channels may be flowing on bedrock or on 

regolith. The detachment capacity in no alluvial channels is assumed to be proportional to the 

shear stress 𝝉 exerted on the bed and banks by a dominant discharge: 

 −  డ𝑧డ௧ |௖ = డ௤ೞడ௫ = ௗܥ = ௧ሺ𝜏ܭ − 𝜏௖ሻ,                                                (10) 

 

where 𝝉ࢉ is a critical shear stress, which should be larger than the critical shear stress for 

noncohesive sediment entrainment. Foster and Meyer [1972], Meyer [1986], Lane et al. 

[1988], and Foster [1990] suggest that the actual detachment rate ܥ decreases from the intrinsic 

detachment capacity ܥௗ (for zero sediment load) to zero as the actual bed sediment transport rate 

approaches the flow transport capacity. This approach is appropriate for slopes and channels 

floored with cohesionless sediment, but the implied interaction between deposition and 

entrainment is not relevant to water erosion of cohesive regolith or bedrock. 

 

[20] Shear stress can be related to channel gradient and drainage area through the use of 

equations of steady, uniform flow: 

     𝜏 =  (11)                 ܴܵߛ

 

     ܸ =  ௡ܴଶ/ଷܵଵ/ଶ𝑁                (12)ܭ
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     𝒬௪ =  ௣ܴܹ𝑁                 (13)ܭ

 

where ߛ is the unit weight of water, R is the hydraulic radius, N is Manning's resistance 

coefficient, ܭ௡ is unity in m s units and 1.5 in foot s units, and ܭ௣ is a form factor close to unity. 

The model also assume simple power law equations of hydraulic geometry for dominant 

discharge 𝒬௪ (assumed to be equal for both bed erosion and sediment transport) and channel 

width ܹ: 𝒬௪ = ௔𝐴௘ܭ ,                                                 (14) 

 

      ܹ = ௪𝒬௪௕ܭ = ௔௕𝐴௕௘ܭ௪ܭ .       (15) 

  

[21] The use of an equation such as (14) for runoff on slopes as well as in channels 

implies that little regolith or depression storage of precipitation occurs during erosion events, 

since runoff production is assumed to be areally uniform. On badland slopes this is probably a 

reasonable approximation. For landscapes with appreciable infiltration capacity, particularly 

where vegetated, the assumption is made that most runoff erosion on slopes occurs during 

infrequent, very intense rainfall events due to saturation overland flow or shallow interflow 

through large macropores. Kirkby [1987] outlines a slope development model that accounts for 

infiltration and partial contributing areas. 

 

Combining (10) with (11)—(15) gives 

௖|ݐ��/ݖ��  = 𝑧𝐴௚ܵℎܭ)௧ܭ− − 𝜏௖),                                       (16a) 

Where 

      𝑔 = Ͳ.͸݁ሺͳ − ܾሻ        (16b) 

 

      ℎ = Ͳ.͹,         (16c) 

𝑧ܭ       = ߛ {𝑁௄ሺೌభ−್ሻ௄೛௄ೢ௄೙}ଷ/ହ
        (16d) 

 

[22] The constant ܭ௧ in (16a) includes both effects of substrate erodibility as well as 

magnitude of the dominant discharge. Channels may be eroding both regolith material which is 

delivered into the channel by mass wasting as well as uneroded bedrock. Regolith material is 

assumed to be more erodible than bedrock by a factor F, where ܨ ൒ ͳ. The fluvial erosion rate 

for bedrock is given by (16a), so that the equivalent rate for regolith is ݐ��/ݖ��ܨ The critical shear 

stress 𝝉ࢉ might also depend upon substrate type (bedrock or regolith), although in the present 

modeling it is assigned a fixed value. 

 

[23] In landscapes with a shallow weathering regolith, such as in badlands and steep 

mountain slopes, bedrock is commonly exposed in headwater rills and channels, and a large ratio 

of bedrock to regolith erodibility ሺܨ ≫ ͳሻ would be appropriate. However, in landscapes in 

deeply saprolitized bedrock, till, or uncemented alluvium, the parent material and the surface soil 

involved in mass wasting may have nearly equivalent erodibility ሺܨ ~ ͳሻ. 
 

[24] In calculating net erosion in matrix cells containing no alluvial channels it is 

necessary to take into account that erosion is occurring in a channel of width W and that the 

channel may be eroding both regolith and bedrock during a given time step. The eroded regolith 

comprises both that delivered by mass wasting into the cell from the adjacent cells and that which 

is locally derived. During each time step the channel is assumed to erode first regolith delivered 

to the channel by slope erosion and then, if it is capable of eroding all regolith, bedrock. The 



9 

 

fraction of time during each time step that the channel is eroding regolith is ߟ ሺͲ ൑ ߟ ൑ ͳሻ. There 

are three cases, the simplest of which occurs when sufficiently large amount of regolith is 

delivered to the cell that the channel never erodes bedrock ሺߟ =  ͳሻ. The volume of regolith 

delivered to the cell per unit time is 𝜕ݐ��/ݖ|௠ߜଶ nd the volume of channel erosion is (ݐ��/ݖ��ܹܮܨ|௖). The length L of the channel in the cell is assumed to be ߜ. The net elevation change 𝜕ݐ��/ݖ 

is the sum of the volume of regolith mass movement and of volumetric channel erosion divided 

by the area of the cell (Figure 2a): 
 

     
డ𝑧డ௧ = డ𝑧డ௧|௠ + 𝜉ܨ డ𝑧డ௧|௖ ,         (17a) 

where 

        𝜉 =  (17b)          .ߜ/ܹ

 

The criterion for (17a) to pertain is that 𝜕ݐ��/ݖ ൒  Ͳ. 
 

[25] If the channel is capable of eroding all regolith delivered to it, then the value of ߟ 

must be determined. Weathering is assumed to be capable of keeping pace with the net rate 𝜕ݐ��/ݖ 

of lower ing of the land (and bedrock surface), so that the net volumetric rate of regolith 

production and delivery by mass wasting to the channel for erosion e is (Figure 2b): 

ߝ       = డ𝑧డ௧|௠ + ଶߜ − డ𝑧డ௧ ߜሺ ߜ − 𝑤ሻ,          (18) 

 

where the first term is the regolith volume imported from adjacent cells, and the second term 

accounts for the within-cell contribution from weathering adjacent to the channel. The fraction of 

time the channel spends eroding regolith is 

ߟ       = − ఌ𝐹𝜉ఋమ𝜕𝑧𝜕೟|೎,           (19) 

 

since the denominator is the (negative of the) maximum volume of regolith that can be eroded per 

unit time by the channel. The net erosion (into bedrock) is also given by 

 డ𝑧డ௧ = ሺͳ − ሻߟ డ𝑧డ௧|௖ .                           (20) 

 

Substituting (18) and (19) into (20) to eliminate ߟ: 
 డ𝑧డ௧ = ߚ {డ𝑧డ௧|௠ + 𝜉ܨ డ𝑧డ௧|௖},                                          (21a) 

 

Where 

ߚ       = ͳ/{ܨ𝜉 + ͳ − 𝜉}.        (21b) 

‘ 
This relationship pertains so long as 𝜕ݐ��/ݖ|௠ ൒ Ͳ and 𝜕ݐ��/ݖ < Ͳ. 
 

[26] The final case, where 𝜕ݐ��/ݖ|௠ < Ͳ is similar, except it is assumed that removal of 

regolith by channel erosion pertains only to the volume surrounding the stream and below the 

level of removal by slope erosion that is (Figure 2c), 

 

ߝ                                                                            = {డ𝑧డ௧|௠ − డ𝑧డ௧} ߜሺߜ − ܹሻ,         (22) 

and the net erosion into bedrock is given by 
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Figure 2. Conceptual cross sections through simulation cells perpendicular to stream channel of width W 

partially occupying the cell of width 8, showing changes during one simulation time step. The three cases 

illustrate different situations with regard to the relative roles of mass wasting and fluvial erosion and also 

differences in the amount of direct bedrock scour by the channel, (a) Mass-wasting influx exceeds fluvial 

erosion potential, and the landscape increases in elevation (corresponding to (17). (b) Net mass-wasting 

influx, but fluvial erosion is capable of eroding mass-wasted debris, locally weathered regolith, and the 

bedrock floor of the channel (21). (c) As in Figure 2b, but with a net mass-wasting efflux from the cell (24). 

Note that intracell topography is not explicitly modeled. ܼ݉ is the potential slope erosion 𝜕ݐ��/ݖ|௠ and Z 

is the net actual erosion ݀ݐ݈݀ݖ. Dotted lines show surface that would result if fluvial erosion did not occur. 

 

      {డ𝑧డ௧|௠ − డ𝑧డ௧} = ሺͳ − ሻߟ డ𝑧డ௧|௖ .         (23) 

 

The analysis proceeds as with the previous case, giving 

 డ𝑧డ௧ = డ𝑧డ௧|௠ + 𝜉ܨߚ డ𝑧డ௧|௖ .                                                    ሺʹͶሻ 

 

[27] This series of relationships (17), (21), and (24) provides a continuous functional 

dependence of erosion rate upon 𝜕ݐ��/ݖ|௠ and 𝜕ݐ��/ݖ|௖  but with changes of slope at 𝜕0 = ݐ��/ݖ 

and 𝜕ݐ��/ݖ|௠ = 0 in the general case (Figure 3). 

 
7. [28] Alluvial channels. For alluvial channels the potential rate of fluvial erosion 

equals the spatial divergence of the volumetric unit bed sediment transport rate ݍ௦௕: 
 డ𝑧డ௧|௖ = −∇. ௦௕ݍ .                                                               (25) 



11 

 

Many bed load and total load sediment transport equations for sediment discharge can be 

expressed as a functional relationship between the two parameters dimensionless parameters 𝜙 and ͳ/𝜓: 

 
Figure 3. Graph of overall erosion rate 𝜕ݐ��/ݖ as a function of potential slope erosion rate 𝜕ݐ��/ݖ|௠ and 

potential channel erosion rate 𝜕ݐ��/ݖ|௖   illustrating the three cases a, b, and c in Figure 2. For this 

illustration 𝜕ݐ��/ݖ|௖  = -2.0, F = 15, and 𝜉 =0.1.  

       𝜙 = 𝔉 ቀ ଵΨቁ,        (26a) 

Where 

      𝜙 = ௤ೞ್ఠௗሺଵ−𝜇ሻ , ଵΨ = 𝜏ሺఊೞ−ఊሻௗ.      (26b) 

 

In these equations, 𝒒࢈࢙ is bed sediment transport rate in bulk volume of sediment per unit 

time per unit channel width, 𝜇 is the fall velocity of the sediment grains, ݀ is the sediment grain 

size, is alluvium porosity, and ߛ௦ is the unit weight of sediment grains. Bed load or total load 

formulas are commonly expressed as a power function relationship: 

 

     𝜙 = ௘ܭ { ଵΨ − ଵΨ೎}௣,                 (27) 

 

where ͳ/𝛹௖ is the threshold for transport. For sand bed channels with high effective discharges, 

the exponent ݌ in total load formulas is generally about 3, and ͳ/𝛹௖  is a negligible correction. As 

was discussed by Howard [1980] and Willgoose et al. [1991a], this equation can be recast into 

a relationship between total bed sediment discharge 𝒬௦௕ , ሺݍ௦௕ܹሻ, drainage area, and gradient 

using (26), (27), and (11M15): 

     𝒬௦௕ = 𝓋𝐴଴.଺௘ሺଵ−௕ሻܵ଴.଻ܭ]௤𝐴௘௕ܭ − ͳ/𝛹௖]௣,    (28a)  
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Where 

௤ܭ      = ௄𝑒ఠሺଵ−𝜇ሻ௄ೢ௄ೌ್ሺఊೞ−ఊሻ೛ௗ೛−భ      

 (28b) 

௨ܭ      = ߛ { 𝑁௄భೌ−್௄ೢ௄೙௄೛}଴.଺
         (28c) 

 

[29] In evaluating the sediment divergence, it is assumed that all sediment transporting 

flows occur in channels with local width ܹ given by (15). The net erosion is therefore given by 

the following relationship between the total sediment influx into 𝒬௦௕௜ and outflow from 𝒬௦௕௢ a 

given cell: డ𝑧డ௧|௖ = ሺ𝒬ೞ್𝑖−𝒬ೞ್೚ሻ௅𝑊                                 (29) 

 

where L is the length of the channel through the cell. Several adjacent cells may contribute to the 

sediment influx to a cell, but the out flux occurs to the adjacent cell with the steepest down slope 

gradient. In the case of a depression there is no out flux. Influxes may originate from alluvial 

streams debauching into the cell from adjoining cells or from no alluvial streams and rills. In the 

latter case the incoming 𝒬௦௕௜equals the total volume of upstream no alluvial channel erosion less 

the proportion of load carried as wash load, corresponding to the assumption that downstream 

routing of sediment through no alluvial channels is very rapid compared to the iteration time step. 

 

[30] Although alluvial transport is assumed to occur in well-defined channels whose 

width is less than the simulation cell width, over long periods of time the channel is assumed to 

erode or deposit over the entire area of the cell, so that the divisor LW in (29) becomes the area 

of the cell, S
2
. However, the channel width used in (28) to calculate transport capacity is the local 

channel width W (equation (15)). 

 

[31] The implementation of the differential equations governing erosion (4), (5), (16), 

(17), (21), (24), and (25) is generally straightforward finite difference approximation (e.g., (29)). 

A primary concern is selection of a temporal increment that assures numerical stability. Each of 

the processes outlined above has a characteristic maximum time step, and the overall model must 

utilize the minimum of these. However, the maximum time step for sediment transport 

divergence erosion (29) is less by a factor of 10
3
 to 10

4
 than that for slope or bedrock channel 

erosion. This occurs primarily for channels with large drainage area and low gradient. Because 

the exponent of gradient in (28) is ≈ ʹ small changes in gradient create large variations in 

transport rate so that time steps must be very small to assure that numerical errors are not 

amplified. Willgoose [1989] utilizes a predictor-corrector numerical algorithm to maximize 

allowable time steps, but computational burdens are still very high. 

 

[32] An alternative approach is used here for alluvial channels with large drainage areas, 

which permits simulation of alluvial channel evolution using workstations rather than super-

computers. The timescale for alluvial channel regarding due to changes in supply of sediment or 

water from upstream or due to local uplift base level changes is assumed to be short compared to 

that for overall evolution of basin relief. The short timescale of alluvial channel regarding is 

manifest in many drainage basins by the often multifold deposition and dissection of terraces in 

response to changes in hydraulic regime over time periods during which overall basin relief has 

changed very little. The approach is to utilize the longer time step ∆ݐwhich is appropriate for 

slope and bedrock channel erosion, thus ignoring the type of short-term fluctuations responsible 

for terraces. 
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[33] At the head of each section of alluvial channel a discharge of sediment  𝓠࢐࢙ is 

delivered by upstream channel erosion, making a volumetric contribution of 𝓠࢚∆࢐࢙ during each 

time step; the subscript ࢐ is used because each channel or slope draining into the alluvial channel 

contributes individually to the overall sediment discharge 𝓠࢙ This volumetric contribution is 

routed downstream, in general, being deposited within ࢔ segments (elements) of the alluvial 

channel system. If ܼ௜ is the mean elevation of a given alluvial segment, then the overall volume ࢂ 

of the alluvial channel between the no alluvial upstream node at elevation ܼ଴and the downstream 

unmodified node with elevation ܧ௡+ଵ is 

 

    ܸ = Ͳ.ͷߜଶ[ሺܼ଴ + ܼଵሻ + ሺܼଵ + ܼଶሻ + ⋯ + ሺܼ௡ + ܼ௡+ଵሻ].      (30) 

 

Since ܼଵ = ܼ଴ − ܵ଴ ݈଴ and ܼଶ = ܼଵ − ܵଵ݈ଵ,etc., where ௜ܵ is the gradient and ݈௜ is the length of 

each channel segment (ߜ or ʹଵ/ଶߜdepending upon whether the channel is parallel to a matrix edge 

or diagonal),                                          ܸ = ଶߜ [(݊ + ͳʹ) ܼ଴ − ݊ܵ଴݈଴ − ∑ሺ݊ − 𝑖ሻ ௜݈ܵ௜௡−ଵ
௜=ଵ + ͳʹ ܼ௡+ଵ].                    ሺ͵ͳሻ 

 

A parallel expression can be written for the volume 𝓥 that occurs at the end of the time step, with ℑ௜ ; representing the final elevations and ℑ௜  the final gradients. The net deposited volume of 

sediment for an individual nonalluvial upstream contribution during the time step equals the 

difference between the two volumes: 

     𝒬௦௝∆ݐ = 𝒱 − ܸ.        (32)  

 

The final gradients ℑ௜ of the alluvial channel nodes ሺͳ … . ݊ሻ are the steady state 

gradients given by solving (28) for gradient using the total nonalluvial sediment contribution 𝓠࢙ 

upstream from each node. The solution marches downstream, initially assuming ࢔ =  ͳ and that 

the elevations ܼ଴ and ܼ௡+ଵ are fixed, solving (32) for the gradients ℑ଴ and ℑ௡ by substituting (31) 

and the parallel expression for 𝓥:                                           ℑ଴ = ܵ଴ − [∑ሺ݊ − 𝑖ሻሺ ௜ܵ − ℑ௜ሻ݈௜ + (𝒬௦௝∆ݐ)ߜଶ௡−ଵ
௜=ଵ ] [݈݊଴]⁄ ,                                    ሺ͵͵ሻ 

                                                   ℑ௡ = [ሺܼ଴ − ܼ௡+ଵሻ − ℑ଴݈଴ − ∑ ℑ௜݈௜௡−ଵ
௜=ଵ ] ݈௡⁄ .                                             ሺ͵Ͷሻ 

 

The calculation proceeds iteratively, increasing ݊ until one of the following occurs: (1) the 

gradient of the final segment ℑ௡ is less than or equal to the steady state alluvial gradient for the 

local drainage area and total sediment discharge, or (2) location ݊ is a fixed boundary point with 

elevation ௙ܼ In the former case all of the bed sediment supplied from upstream is deposited, and 

the new elevations ℑ௜, of the alluvial channel points are calculated from 

                      ℑ௜ = ܼ଴ − ℑ଴݈଴ − ∑ ℑ௞௜−ଵ
௞=ଵ ݈௡.                                                                       ሺ͵ͷሻ 

In the latter case, the channel is graded upstream from the fixed boundary point, with the 
assumption that undeposited sediment load is carried from the system, so that                               ℑ௜ = ௙ܼ + ∑ ℑ௞௜−ଵ

௞=௡−ଵ ݈௡,                                                                                       ሺ͵͸ሻ      
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where the index ࢑ is decremented. 

 

[34] Special treatment is required for deltaic deposition into a water-filled depression or 

sea. Sub merged alluvial bed sediment deposits are assumed to be foreset beds with an angle of 

repose gradient of ℑ௥ The routing scheme takes into consideration that a channel segment with a 

subareal upstream node and a submerged downstream node will have a portion of the segment 

having gradient ℑ௜ ; and part with gradient ℑ௥.  

 

[35] Another special circumstance occurs for the first case when one or more of the 

downstream locations is nonalluvial. If one of these locations is nonalluvial and the predicted new 

elevation ℑ௜is less than the existing elevation ܼ௜ , then the alluvial channel is backgraded from the 

existing elevation using a formula similar to (36), and bed sediment that is not deposited is routed 

further downstream through the bedrock section. 

 

[36] Since many no alluvial slopes and channels may each contribute sediment 𝒬௦௙∆ݐ during each time step, the calculation is repeated for each of these sources, with each 

previously calculated new elevation ℑ௥, now becoming the initial elevation ܼ௜  for the new source. 

Thus alluvial channels may undergo several sub iterations of deposition during each time step. 

 

[37] Finally, the upstream location at ܼ௢ is converted to an alluvial channel if the 

calculated new gradient ℑ଴ is less than the steady state alluvial gradient calculated using (28). 

 

[38] This routing procedure is used for all alluvial channel nodes except for those which 

do not lie along the path of sediment routing from an upstream no alluvial channel during a given 

iteration; such nodes are regraded using the finite difference approximation (29). In addition, the 

finite difference solution is used for those few alluvial nodes that both (1) lie immediately 

downstream from a bedrock channel and (2) have zero sediment transport rate from (28). 

 

[39] The accuracy of this routing technique was validated by simulations of stream 

profiles using both the routing scheme and traditional finite difference techniques; simulated pro-

files were nearly identical, even in the case of initially nonalluvial channels being replaced by 

retrograding alluvial channels after the base level is fixed (similar to  Figure 18). 

 

8. [40] Transitions. All cells in the simulation matrix have a contribution to erosion or 

deposition from either an alluvial or a nonalluvial channel, but the two types of channels are 

mutually exclusive. Thus the model must provide criteria for temporal and spatial transitions. 

 

[41] If the channel in a cell is currently nonalluvial, the sediment arriving from upstream 

and that locally eroded by the channel is considered to be transported without deposition and to 

be routed instantaneously (relative to the simulation time scale) through the nonalluvial network. 

During each iteration the total potential bedload transport capacity of the channel in each cell is 

calculated (using (28)), and if the actual transport rate exceeds the potential rate, then the cell is 

converted to an alluvial channel. When such a transition occurs the base of the alluvial deposit is 

set equal to the local elevation. 

 

[42] So long as erosion due to sediment divergence in an alluvial channel during an 

iteration is less than the thickness of the alluvium, the channel remains alluvial. However, alluvial 

channels in nature and in the model may also occur under conditions of slow downcutting (such 

that the base of the alluvial deposit is constantly reset during each iteration to the local elevation). 

The maximum amount of erosion that an alluvial channel on shallow alluvium over bedrock can 
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accomplish is considered to equal the rate for nonalluvial channels into bedrock ሺ𝝏𝒛/𝝏ࢉ|࢚, given 

by (16)). If the erosion due to sediment divergence (using (29) or the routing procedure of (30)-

(36)) exceeds this value within a channel on shallow alluvium, then the channel is converted to a 

no alluvial channel. 

 

9. Simulation Procedures 

 
[43] The simulations reported here are conducted on a 100 x 100 square matrix. 

Distances and areas are scaled using an assumed unity cell size and a contributing area of unity to 

each cell. In internal cells, drainage and mass wasting may occur toward any of the eight 

neighboring cells. Sediment and discharge leave each cell only toward that cell with the steepest 

down slope gradient, taking into account the difference in distance toward diagonal cells. 

However, calculation of mass-wasting flux divergence is based upon relative elevations of the 

matrix point and of the eight surrounding points. Drainage areas are determined by accumulating 

flow down slope and down channel, with each matrix element contributing a unit drainage area. 

 

[44]Three types of boundary cells exist. The lower matrix edge is assumed to be a level 

surface of specified elevation. For simulations of steady state drainage basin development this 

lower edge is lowered at a constant rate 𝜕࢈|ݐ��/ݖ.This matrix edge is the controlling base level 

and can generally be considered to be a master drainage line of negligibly small gradient. Lateral 

matrix edges are periodic; water, regolith, or sediment moving across, say, the left boundary is 

reintroduced across the right boundary, and calculation of gradients and divergences consider the 

two edges to be adjacent. The upper row of matrix cells is assumed to be impenetrable by water, 

regolith, or sediment. In most cases this boundary accordingly becomes a drainage divide, al-

though it can also lie along a channel (e.g., part of the upper boundary in Figure 12b). 

 

[45] A variety of initial conditions are utilized in the simulations. Most simulations start 

from a nearly planar surface that has a superimposed quasi-fractal random elevation variation 

generated in a manner similar to that described by Kirkby [1986a, b]. The influence of initial 

conditions on basin morphology is discussed below. 

 

[46] Because of the random elevation component, depressions may exist. The influence 

of depressions upon mass wasting is automatically accounted for in the calculation of gradient 

divergence (5). Two endpoint behaviors of water flow and sediment transport are considered. In 

the first, "dry," case, water reaching the bottom of an enclosed depression disappears 

(corresponding to flow volumes being unable to fill the depression during a runoff event) and 

sediment in transport is deposited at the lowest point of the depression. In the "wet" case, flow 

fills the depression to overflowing, and lakes occur on the surface. Fluvial sediment entering a 

lake is immediately deposited, but water flow is routed downstream without loss; no fluvial 

transport or scour can occur within lakes. All simulations reported here assume the wet case. In 

steady state simulations, initial enclosed depressions disappear rapidly. 

 

[47] Generally, the bedrock and regolith erosional susceptibility and the water runoff 

yield are assumed to be spatially uniform and temporally constant. Individual flow events are not 

modeled, and it is assumed that the erosional and sediment transport potential of the calculated 

discharges, parameterized as a function of drainage area only, can be characterized by a 

temporally constant "dominant" discharge representing the integrated effect of the time-varying 

flows in nature. 

 

[48] The simulation proceeds by iterations with a specified time increment, and rates of 

mass wasting, sediment transport, and fluvial bedrock erosion scaled by the relationships 
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presented above. Gradients and drainage areas, as well as depth and flow outlets of enclosed 

depressions, are recalculated after each iteration. 

 

[49] The selection of spatial and temporal scales is an important concern in simulation 

modeling. The time step is selected so that the solution is numerically stable and that further 

decrease in the time step does not alter the resulting landforms. The spatial scale of the simulated 

landscape is determined by the relative values of the mass wasting (ܭ௦  and ܭ௧ in (6)) and fluvial 

 constants of proportionality. Depending upon the selected constants, the (𝑧 in (16)ܭ ௧ andܭ)

simulated landscape can have numerous or few channels. The simulations shown here utilize 

fluvial and mass-wasting constants that give a high drainage density while adequately 

representing divide convexity. 

 

10. Results 
 

[50] Simulations have been conducted with a range of model parameter values and a 

variety of initial and boundary conditions. These simulations have implications with regard to 

several important issues in drainage basin morphology and evolution, including inheritance from 

initial conditions, the roles of random and chaotic processes, definition of drainage density, model 

validation, and optimality principles applied to drainage basin evolution. 

 

11. Steady State Simulations with No Alluvial Channels 

 
[51] A simple and informative type of simulation involves a steady rate of lowering of 

the lower boundary, representing either a constant rate of base level drop or constant rate of uplift 

with a fixed location of base level. Under these conditions a steady state topography eventually 

develops from any initial conditions in which all parts of the landscape erode vertically at a 

constant rate. Furthermore, gradients and slope orientations become constant, and the fluvial 

drainage network becomes fixed. Actually, because some cells have essentially equal gradients 

toward two or more adjacent cells, a few oscillations of the drainage directions occur on slopes, 

but these are imperceptible in the topographic maps (e.g., Figure 4) or summary statistics of basin 

morphology. Illustrative examples of steady state basin morphology for various combinations of 

model parameters are discussed below. Values of simulation parameters are presented in Table 1. 

All of these steady state simulations assume that the entire channel network is nonalluvial. 

 
12. [52] The simplest model. Although the model provides a general framework for 

slope and channel evolution in regolith-mantled environments, one purpose of this modeling is to 

ascertain the mathematically simplest models that are physically reasonable and can produce 

realistic topography. One such case occurs when all channels are no alluvial, when there is no 

critical shear stress and no near-failure contribution to slope erosion, and when regolith and 

bedrock are equally erodible ሺܨ =  ͳሻ. In this case, (17), (21), and (24) simplify to 
 డ𝑧డ௧ = డ𝑧డ௧|௠ + 𝜉 డ𝑧డ௧|௖ ,     (37) 

 

And substituting from (5), (6), (8), (15), (16), and (17b),  

 

ݖ��     ݐ�� = −= −∇ଶݖ − ⁄௔௕ܭ𝑊ܭ ͳ−ߜ  𝑧𝐴௘ሺ଴.଺+଴.ସ௕ሻܵ଴.଻.        (38)ܭ௧ܭ

 

Thus the erosion rate is a linear combination of a diffusive mass-wasting term (the Laplacian) 

which tends to smooth the topography and channel erosion term which becomes more important 



17 

 

(for a given gradient) as drainage area increases. All cells have some contribution of fluvial 

erosion and mass wasting. 

 

Table 1. Parameters for Simulation Runs 

 
Figure 4 shows a steady state drainage basin resulting from these assumptions. Steady state 

solutions to (38) result in landscapes partitioned into a majority of cells in which the diffusive 

term dominates (the slopes and divides) and a dendritic valley network dominated by fluvial 

erosion. The simulation model does not directly specify the location of stream channels; rather, 

channel locations result from the interaction of the two terms in (38) with the initial random 

topography. 

 

 
Figure 4: Steady-state topography with spatially uniform erosion parameters and tectonic uplift rate. The 

geographic orientation is only introduced so that various landscape areas can be referenced in the text. This 

figure is available in colour online at wileyonlinelibrary.com/journal/espl (Google Photo) 

 

 [53] The relative influence of the two terms in (38) can be illustrated by plotting average 

land surface gradient and slope divergence versus contributing area (Figures 5a and 5b). Each 

graphed point is the average gradient or divergence for matrix cells having drainage areas within 

the (logarithmic) range surrounding each area interval. The form of the relationship showing a 

peak gradient value at a certain contributing area has been noted in digital elevation data from 

natural drainage basins [Willgoose et al., 1992; Tar-boton et al., 1992] and in the simulation 

model of Willgoose et al. [1991d]. Four limiting theoretical curves are shown in Figures 5a and 

5b. The "theoretical slope" curve shows the gradients that would be necessary on a one-

dimensional slope profile for diffusional mass wasting or rain splash to produce the steady state 

erosion rate (i.e., if only the first term in (38) were important). Because of two-dimensional 

divergence and erosion attributable to term 2 in (38), this theoretical curve predicts gradients 
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larger than are observed, except at divides (contributing area equal to unity). Figure 5b shows the 

actual slope gradient divergences (∇ଶ𝑧) and the theoretical value (which is independent of 

drainage area) that would be required for erosion entirely by diffusion. Except close to divides, 

the actual slope divergence is much less than the theoretical value because of the erosional 

contribution of the second term in (38). 

 

[54] Two additional theoretical curves are shown in Figure 5a. These are gradients that 

would be expected downstream where fluvial erosion dominates. The lower of the two curves 

shows gradients that would occur if only the second term in (38) were important in fluvial 

erosion, that is, if channels did not have to erode regolith. Clearly, some contribution of the first 

term occurs in the simulated landscape even in the larger channels. The upper curve assumes that 

both terms in (38) are important and that the volume of regolith delivered to each unit length of 

channel per unit time equals the total volumetric erosion rate divided by the total length of the 

valley network (as defined by the criterion discussed below). The actual gradient curve falls 

somewhat below this second curve because some fluvial erosion of regolith occurs on slopes 

upstream from the drainage sources. 

 

13. [55] strongly erodible regolith. The next simplest combination of model parameters 

occurs when the regolith is much more erodible than bedrock, that is, when the parameter 𝑭 is 

large. Figure 6 shows a steady state solution in which 𝑭 =  ͷͲͲ. Because of the multiple solution 

cases implied in (17), (21), and (24), a single governing differential equation cannot be written. 

However, a strong trade-off occurs between dominance by diffusive slope erosion near divides 

(𝝏𝒛/𝝏࢓|࢚ in (5)) and dominance by channel erosion downstream (𝝏𝒛/𝝏ࢉ|࢚ in (16)). This is 

illustrated in the gradient and divergence versus contributing area graph (Figures 5c and 5d). The 

portions of the graph near the divides (small contributing area) are similar to the pattern seen in 

Figures 5a and 5b. However, owing to the negligible influence of regolith influx in determining 

erosion rates in larger channels, the theoretical curve for no contribution from regolith influx is a 

very close approximation to the simulated gradients on the right side of Figure 5c. 

 
Figure.5 Plots of actual and theoretical values of gradient (Figures 5a and 5c) and divergence (Figures as a 

function of contributing area for the simulations in Figure 4 (Figures 5a and 5b) and Figure 5c and 5d). 

 

[56] The minor contribution of runoff erosion very close to divides for both ܨ =  ͳ and ܨ =  ͷͲͲ suggests that the neglect of variable source areas for runoff implicit in the use of (14) 

may not greatly affect landscape form. 
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[57] The topographies produced with ܨ =  ͳ (Figure 4) and ܨ =  ͷͲͲ (Figure 6) are 

similar in broad pattern and drainage density (they start from the same initial conditions), but 

differ in details of morphology and pattern of branching. In the case of ܨ =  ͳ, low-order 

tributaries are relatively short compared with higher-order streams (low exterior-interior link 

length ratio), whereas the ܨ =  ͷͲͲ channel system has nearly equal interior and exterior link 

lengths. In the latter case, division of the landscape into low-order networks is more complete, 

and flow indirectness (average flow path lengths divided by straight-line distance to the basin 

mouth) is higher than for F = 1. In the case of F = 500, transitions from convex divides to 

channeled low-order streams is abrupt, whereas for F = 1, broad hollows occupy a comparatively 

larger proportion of the landscape. These morphological differences largely result from the more 

concave channel profile for the case of F = 1 than for F = 500 (see below). 

 

 
 

Figure 6.  Steady state topography produced with  no critical shear stress. 

 

14 [58] Critical shear stress for fluvial erosion. Including a critical shear stress for 

fluvial erosion (𝝉ࢉ in (16)) produces a very sharp transition between slopes and divides lacking 

any fluvial erosion and the channel network (Figure 7). The imposition of a critical shear stress 

lowers the drainage density and produces strongly convex slope profiles. Owing to the absence of 

fluvial erosion, the actual divergence on slopes near divides equals the theoretical divergence for 

erosion solely by diffusive mass wasting. 
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Figure.7 Steady state topography produced with  a critical shear stress  (Google Photo) 

 

[59] Although the critical shear stress is included to represent the flow conditions 

necessary to induce entrainment, it might also be used in an ad hoc manner to represent 

landscapes with permeable regolith in which runoff erosion on upper slopes is negligible and 

fluvial erosion first occurs in hollows from partial contributing area runoff. 

 

[60] Threshold mass wasting. If a critical threshold slope is assumed in mass wasting ሺܭ௙  > 0 in (6)) and if creep moment is restricted (small ܭ௦), then the rapid increase in mass 

wasting rates with slope gradient near the threshold means that the downslope increase in volume 

of mass-wasting debris in steady state topography can be accommodated by very slight changes 

in gradient. Slope profiles are therefore nearly linear, and divides are narrow and sharp (Figure 8). 

Such topography is common in subalpine areas with abundant frost-weathered coarse debris that 

undergoes appreciable movement only when gradients approach the angle of repose [Carson 

and Petley, 1970; Carson, 1971]. Howard [1994] argues that badlands in Mancos Shale near 

the Henry Mountains, Utah, which have nearly linear profiles and very narrow divides (Figure 9), 

are an example of mass wasting control under near-threshold conditions by sagging and small 

slumps. 
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Figure.8 Steady state topography  with a critical slope (Google Photo) 

 

 
 

Figure 9. Natural badland slopes in the badlands Note the nearly linear slope profiles and the very narrow 

divides. (Google Photo) 

 

[62] Thus identical model parameters, spatial boundary conditions, and down cutting 

histories produces very different steady state drainage basins depending on initial conditions, and 

these differences can persist indefinitely. This means that a very wide range of possible steady 

state solutions to the equations governing basin evolution exist (e.g., (38)); there are, however, a 

presumably much larger set of topographic forms that are not steady state solutions. 
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[63] Differences in initial conditions strongly influence transient behavior during early 

stages of dissection, and some systematic influences can persist even as steady state topography is 

approached. Figures 11a and 11c compare the early stages of evolution for different initial 

conditions, assuming that base level starts to drop at a constant rate at the beginning of the 

simulation. The basin in Figure 11a started from a nearly horizontal surface with very low relief 

fractal topography (the eventual steady state topography is shown in Figure 10a).  

 

  
 

Figure 10 Anaglyphs a and b show the most typical feature of topography developed upon horizontally 

layered rocks. (a) In arid Oman, steep-sided valleys and ridges reveal step-like features due to the different 

resistances of sandstones and siltstones. Image about 1.2 km across. (b) In more humid eastern Kansas, 

USA, topography is more muted. The “candy-stripe” appearance results from nearly horizontal, 
interbedded white lime stones and grey shales of Permian age. Image about 1.2 km across. (Google Photo) 

 

Because of the low relief and therefore sluggish drainage, erosion progresses headward as 

a wave of dissection, similar to patterns observed in natural terrace and emergent lake bed erosion 

[Carter and Chorley, 1961; Bryan et al., 1987; Campbell, 1989]. The pattern of head-ward 

extension is governed by the subtle fractal topography drainage divides on the upland. If the 

original topography is a nearly planar, but appreciably sloping surface (with slight superimposed 

fractal variation) dipping toward the base level edge (Figure lib), the steeper gradients allow more 

rapid and more general dissection of the surface (Figure 11c), much as occurs in the dissection of 

natural alluvial fans. This dependence of dissection pattern upon initial surface slope was 

discussed by Zernitz [1932] and demonstrated in model erosion experiments by Phillips [1987]. 

The influence of the initial slope persists even into the steady state topography (compare Figures 

10a and lid). Basins produced by initially flat, fractal topography are irregular and wandering on 

the broad scale (although not at the scale of first- and second-order basins). By contrast, those 

resulting from dissection of a sloping surface are strongly aligned down the direction of the 

original slope and elongate. Therefore it is likely that natural drainage basins may retain in the 

broad arrangement of drainage channels and divides influences from very long ago. 
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Figure 11.  Different types of initial conditions, (a) Early stage of dissection of an initially very low relief 

random fractal topography. The final steady state landscape is shown in Figure 10a. (b) Initial conditions is 

shown in Figure 11c. This is random fractal topography with a superimposed slope, (c) Early stage of 

dissection of the initial landscape shown in Figure 10b. Amount and rate of base level lowering equals that 

shown in Figure 11a. (d) The final steady state topography for the initial conditions shown in Figure.11,  e  

f ,  g  h,  i  j  k l .  (Google Photo)  

 

15. Effect of Differences in Downstream Basin Concavity 

 

[64] In steady state simulations the downstream channel profile is a simple power 

function of drainage area. Using (16) and (21), setting 𝜕ݐ ⁄ݐ�� to a constant erosion rate -E,  and 

assuming that the contribution of eroded regolith per unit length of stream channel 𝜕ݖ ⁄ݐ�� |௠, is a 

spatially uniform constant E S:  

 

      ܵ =  ௨𝐴௨       (39a)ܭ

where 

 

௨ܭ       = ሺܧ௖/ܭ௧ + 𝜏௖ሻ/ܭ𝑧,       (39b) 

 

  

ݑ       = −Ͳ.͸݁ሺͳ − ܾሻ/Ͳ.͹,       (39c) 

 

௖ܧ       = ሺܧ ߚ − ⁄௦ܧ ሻ/ሺܨ𝜉ሻ       (39d) 
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[65] In the general case, ܭ௨ is a function of drainage area due to the terms ߚ and 𝜉 in 

(39d). If the regolith is much more erodible than the bedrock ሺܨ ≫  ͳሻ, then ܧ௖ܿ ≃ and KU ܧ   is 

areally constant. If the assumed value of u is only slightly less than zero (Figure 12a with ࢛ =  −Ͳ.ͳͷሻ then channel gradients decrease very slowly downstream. Simulated basins are 

long, narrow, and closely aligned along the regional topographic trend. The effect of initial 

conditions upon the drainage pattern is slight and indirect. Although the simulation model 

restricts junction angles to 45° increments, most junction angles are as small as is allowed (45°). 

If the assumed value of u is much less than zero (Figure 12b with ࢛ = — ͳ.Ͳሻ, gradients 

decrease very rapidly downstream, and low-order basins are very compact and rounded, but high-

order basins are wandering and irregular with drainage patterns strongly influenced by initial 

conditions. Junction angles tend to be larger than for the previous case. 

 

In the present model for bedrock erosion proportional to shear stress, an appropriate value 

for u is about —1.1 for ܨ =  ͳ and -0.45 for F = 500. However, if bedrock erosion is more 

appropriately related to stream power as was assumed by Seidl and Dietrich [1992], the 

exponent u will be about —1.0 assuming F = 500 (Figure 12b). Although not simulated here, the 

circumstance where the major channels are sand bed alluvial results in downstream profiles with ࢛ ∼ −Ͳ.ʹͷ [Howard, 1980; Howard and Kerby, 1983] and for coarse-bed alluvial ࢛ ~ −Ͳ.͸ to − Ͳ.9 depending upon degree of downstream fining [Hack, 1957; Pizzuto, 1992]. 

 

 
Figure 12. Effect of stream profile concavity on drainage basin morphology, (a) Steady state landscape in 

which downstream fluvial concavity u (39) equals -0.15. (b) Steady state landscape with u = —1.0.  

(Google  Photo)   

 

17. Timescales of Approach to Steady State 

 
[66] All steady state simulations made under a variety of model parameters were 

examined to determine the length of time required to develop steady state topography from 

arbitrary, low relief initial conditions. Two criteria were utilized to define steady state: (1) no net 

change in average gradient from iteration to iteration and (2) approach to a constant, small 

number of local direction changes (a few local changes in flow direction persist into the steady 

state). So defined, steady state is reached after a cumulative lowering of base level that is 
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approximately 3 times that of the final steady state relief. Slope profile simulations presented by 

Ahnert [1988] show a similar ratio between total erosion and relief at attainment of steady state. 

 

18. Comparison with Optimal Drainage Basin Models 

 
[67] Several models of drainage basin development incorporating optimality criteria have 

been proposed over the years. Howard [1971a, 1990a] developed a "stream capture" model that 

starts from randomly generated drainage basins and modifies these by successively rearranging 

the drainage pattern such that streams follow the steepest available path downstream, assuming 

that gradients are related to drainage area via (39). Howard [1971a, 1972] showed that the 

stream capture algorithm minimizes both mean elevation and total stream power within drainage 

networks subject to (39) as a constraint. Howard [1971b, 1990a] also showed that (39) also 

implies optimal junction angles that are larger on the average as the absolute value of u becomes 

larger. The stream capture criterion and the junction angle model are self-consistent and also are 

consistent with a minimum power optimization criterion. Recently, Rodriguez-Iturbe et al. 

[1992], Rigon et al. [1993], and Ijjasz-Vasquez et al. [1993] have proposed a similar 

optimality criterion for basin morphology using (39) as the optimal relationship between gradient 

and drainage area. The optimal search algorithm of Ijjasz-Vasquez et al. [1993] is essentially 

equivalent to the Howard [1971a] stream capture model. 

 

[68] By contrast, the present model is based upon mechanistic process laws not directly 

related to optimality criteria. 

 

However, the present model and the stream capture model can be compared in their 

predictions of steady state stream patterns. Starting conditions for a simulation with the present 

model were a gently sloping surface with superim- posed random fractal variations. Because the 

stream capture model requires an integrated drainage network as an initial condition, the drainage 

directions after 30 iterations of the present model with a constant rate of base level lowering were 

used to initiate the stream capture model (Figure 13a; stream pattern in Figure 13b). The basin 

after 500 iterations is shown in Figure 11c, and the steady state is shown in Figure l id.  The 

starting condition for capture is only slight dissection of the original surface, and stream gradients 

are far from attaining steady state adherence to (39). The stream patterns resulting from the steady 

state solution to the present model are shown in Figure 13c and may be compared with those 

produced by the stream capture model (Figure 13d). The stream capture model assumes that all 

locations on the matrix are drained by a stream, so that an assumed critical drainage area of five 

cells has been used to reduce the drainage density as plotted in Figure 13d to a value commen-

surate with that from the present model. 
 

[69] The drainage patterns produced by both the present (Figure 13c) and stream capture 

models (Figure 13d) are similar in terms of the predicted location and shape of major basins and 

both are quite altered from the initial pattern '(Figure 13b). Some discrepancies occur, as might be 

expected from exclusion of slope processes from the stream capture model. The similarity of 

predictions by the two models indicates that a closer comparison of their assumptions and 

processes of evolution is appropriate. 

 

[70] Two end-members of drainage rearrangement occur in the stream capture model. In 

downstream locations the classic case of capture of one stream by an adjacent one may occur. 

Similar captures can occur in the present model in the absence of intervening divides because 

water is assumed to follow the steepest path downhill. Most such changes in both models occur 

very early in basin evolution. In fact, by the time that 30 iterations had progressed in the present 

model (Figures 13a and 13b), most such captures had already occurred prior to creation of high 
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divides. Only a few downstream captures occurred with either model during subsequent 

evolution, so that the high-order streams remained relatively fixed. 

 

[71] Drainage modification in the present model occurs primarily through the slow 

shifting of divides and the corresponding growth or abandonment of low-order streams. This 

occurs in response to asymmetry of relief on the two sides of a divide, much like the evolution of 

the Blue Ridge escarpment as discussed by Hack [1982]. Long, narrow basins in which the 

drainage area increases slowly downstream are at a competitive disadvantage to more compact 

basins, and they are often cannibalized by divide migration. This process is responsible for most 

of the changes in drainage pattern shown in Figure 13. The stream capture model also includes 

divide migration in an ad hoc manner in that headwater streams can be diverted to an adjacent 

drainage basin if the gradient from the head of the stream to the adjacent basin is steeper than the 

present downstream gradient. 

 

 
 

Figure 13. Comparison of drainage patterns produced by present model with Howard's [1971, 1990a] 

stream capture model, (a) Very early stage of dissection of initial sloping, fractal landscape shown in 

Figure l1b.  (b) Drainage pattern for landscape shown in Figure 13a, which serves as the initial conditions 

for the stream capture model (channels with drainage area less than five not shown), (Google Photo) 

 

[72] Because streams are restricted to eight flow directions and must pass through matrix 

cell locations in the present model, the type of valley migration optimization proposed by 

Howard [1990a] cannot occur. 

 

[73] In conclusion, the present model and earlier optimality models produce similar 

predicted stream network morphology, and the physical processes incorporated in the present 

model can be viewed as an explanation for the success of the optimality models. 

 

19. Definition of the Drainage Network and Area-Slope Relationships at Sources 
 

[74] The factors determining the location and density of valleys and stream channels in 

drainage basins is a perennial concern in geomorphology, with implications for understanding of 

drainage basin origin, scale and morphology, basin hydrology, and effects of natural and man-

induced process changes, among other things. Some confusion has resulted from a failure to 

distinguish between the "channel" (or "stream") network, defined by channels with well-defined 
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banks and sources [e.g., Mark, 1983; Montgomery and Dietrich, 1988, 1989, 1992; Dietrich 

et al, 1992, 1993; Dietrich and Dunne, 1993] and the "valley" (or "drainage") network, which 

is defined on the basis of basin morphometry. These are, of course, related, in that stream 

channels occupy most drainage networks, but the channel network may expand or contract as a 

result of short-term climate or land use changes (for example, Schumm [1956a] and Howard 

and Kerby [1983] discuss seasonal cycles of rill growth due to summer rains and its infilling due 

to winter mass wasting, Hack and Goodlett [1957] and Williams and Guy [1973] outline 

extension of the channel network in the Appalachians due to scouring and avalanching and its 

gradual retreat between major storms, Dietrich and Dunne [1978] and Dietrich et al. [1986] 

show that headwater hollows are episodically flushed by landsliding, and there is a large literature 

on hillslope dissection by gullying due to climatic or land use changes). The factors determining 

the locations of channel heads can often be modeled by considering fluvial and/or landsliding 

processes singly or in combination (e.g., analyses of the threshold of runoff erosion and its 

implications to channel initiation [Horton, 1945; Smith and Bretherton, 1972; Loewenherz, 

1991] and the recent application of process models to field location of channel heads by Dietrich 

and his colleagues [Montgomery and Dietrich, 1988, 1989, 1992; Dietrich et al, 1992, 1993]. 

 

[75] By contrast, valley networks result from the cumulative action of erosional processes 

over the longer timescales commensurate with the evolution of the large-scale topogra phy. A 

number of simulation models have illustrated the convexo-concave profile resulting from the 

downslope process transition from diffusional to concentrative [e.g., Carson and Kirkby, 1972; 

Armstrong, 1976; Ahnert, 1976,1987a; Hirano, 1975, 1976; Kirkby, 1986, 1987; Band, 1985; 

Willgoose et al., 1991a, b, c]. 

 

[76] A network and its associated drainage density can be defined for either or both of the 

channel and valley system, but they are not equivalent. Field survey is generally necessary to 

define the channel network, although process modeling can help to produce predictive 

relationships based upon basin morphometry, as in the above-cited studies of Dietrich and 

colleagues. The valley network is morphomet-rically defined. 

 

[77] Although the model of Willgoose et al. [1991a, b, and c] includes an activation 

threshold for the channel network, this is not a necessary feature for drainage basin development, 

as the present model illustrates. In the present model, concentrative as well as diffusion processes 

are assumed to occur within each landscape cell. However, there is a handover of process 

dominance in a narrow zone (Figure 5). In making the correspondence between the model and 

natural drainage basins, the channels on headwater convex and linear portions of the landscape 

presumably would be ephemeral, owing to the dominance of diffusion processes. In downstream 

valley bottom locations, the diffusion processes operate on slopes marginal to the stream within 

each cell (Figure 2), although overall erosion is dominated by fluvial erosion. 

 

[78] Thus in the present model neither a channel or valley network is specified a priori 

nor are channel heads defined by the governing equations (although in the case of a finite critical 

shear stress fluvial erosion starts abruptly at some distance from divides). Therefore an 

operational definition is required. One common approach has been to specify a critical support 

area [e.g., O'Callaghan and Mark, 1984; Tarboton et al., 1991]. This approach is usable for 

drainage networks within areally uniform topography but is inappropriate for landforms with 

large areal variation in local relief [Tribe, 1992], such as the transient simulation shown in 

Figure 11a. The other major approach defines channels as all areas with concave upward 

topography [e.g., Peuker and Douglas, 1972; Band, 1986]. Surprisingly little work has been 

done to investigate other criteria, although Mark [1983] suggests contour curvature, and Tribe 

[1992] presents an algorithm that utilizes a threshold slope plus a V-shaped topography as 
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criteria. Problems of distortions and noise (e.g., spurious sinks) in digital elevation data [e.g., 

O'Callaghan and Mark, 1984; Band, 1986; Hutchinson, 1989; Moore et al., 1991; Tribe, 

1992] may have contributed to the paucity of criteria. A variety of approaches to define the 

drainage network has been investigated during the present study. An ideal criterion should have 

the following properties: (1) it should be universally applicable; (2) the resulting network should 

not be strongly sensitive to modest variations in the defining parameter, (3) the definition should 

be related to natural process scales in the landscape, and (4) the drainage networks should 

correspond reasonably to those defined from maps by the usual contour crenulation method. 

Among the criteria investigated were critical and/or maximum values of slope gradient, gradient 

divergence, planform (contour) curvature, profile (downslope) curvature, and gradient divergence 

(a generalized curvature). These parameters were measured using ͵ × ͵ moving filters using the 

approach outlined by Zevenbergen and Thome [1987] and Moore et al. [1991]. Among these, 

the gradient divergence normalized by mean gradient D was most successful in satisfying the 

above desiderata: 

ܦ=     = ∇ ∙  (40)              ,ݏ̅/ݏ

 

where ࢙̅ is the average surface gradient within the simulation matrix. Matrix cells with ܦ less than 

a critical value ܦ௧ are defined to have channels extending downgradient from the cell to the 

adjacent downstream cell. Figure 14 shows the drainage density that would be defined as a 

function of ܦ௧ for three steady state runs. These drainage densities are normalized such that a 

drainage density of unity corresponds to all matrix cells originating a channel. All of these curves 

exhibit a shoulder at which the rate change of drainage density with ܦ௧ is small. This shoulder 

generally lies between −Ͳ.ʹ > ௧ܦ   > -1.6,  and a value of -0.8 was selected for portrayal of the 

stream networks in all simulations shown here. 

 
 

Figure 14. Drainage density resulting from assumption of various values of normalized critical divergence ࢚ࡰ for (a) landscape shown in Figure 4, (b) landscape shown in Figure 6, and (c) landscape shown in Figure 

7. Drainage networks shown in Figures 4, 6, and 7 correspond to ܦ௧ , =  −0.8. 

 

This criterion delineates a drainage network that is very similar to that that would be 

drawn by hand using the contour crenulation method. It also performs well in landscapes with 

strong areal variation in relief, such as the transient dissection of an initially nearly planar surface 
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shown in Figure 11a, in that stream channels are not defined on the flat upland. Furthermore, the 

use of gradient divergence as a criterion has a strong relationship to the process model 

assumptions, in that for almost all simulations mass wasting depends linearly upon gradient 

divergence, such that portions of the landscape dominated by mass wasting are characterized by 

positive D, whereas fluvial incision creates linear depressions with negative D. 

 

[79] The assumption of a critical ࢚ࡰ defining valley heads produces a relationship 

between contributing area and slope gradient at first-order valley heads similar to that observed 

by Montgomery and Dietrich [1988, 1989, 1992] for heads of channel networks. Plots of 

gradient-area values at drainage basin sources are presented in Figure 15 together with observed 

channel heads in a natural drainage basin. The slope of the drainage area-gradient relationship in 

these plots is determined largely by the stream channel profile concavity (Figure 5 and (39)). 

More importantly, the steady state "solutions" to first-order basin morphology in the present 

model permit a fairly wide range of gradients and source areas at valley heads having the same 

value of D in (40), presumably because of constraints introduced through competition for 

drainage area between adjacent basins. 

 
Figure 15. Relationship between drainage area and local gradient at sources (heads of first-order valleys) 

for drainage basins compared with an area-gradient relationship for channel heads in a natural landscape, 

for (a) landscape shown in Figure 4, (b) landscape shown in Figure 6, and (c) landscape shown in Figure 7, 

and (d) channel head gradient-drainage area relationship for  drainage area is given in square meters 

 

[80] Dietrich et al. [1992, 1993] propose models for a variety of mechanisms that may 

define stream heads, including critical thresholds for fluvial erosion, landslides, and regolith satu-

ration. In the present model, only runs with a critical threshold shear stress for fluvial erosion 

(Figure 15c) have an intrinsic process change at drainage heads. In all other runs there is a 
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gradual handover downslope between mass wasting and channel erosion processes. However, this 

handover is sufficiently abrupt that drainage network heads are well defined. 

 

20. Is There a Characteristic Basin Form? 

 
[81] Willgoose [1994] shows that drainage basins formed by combined action of 

diffusive mass wasting and capacity alluvial sediment transport evolve toward a characteristic 

limiting basin morphology as relief declines. This hmiting morphology is temporally constant 

when elevations are normalized by dividing by overall basin relief. This implies a pattern of basin 

evolution when base level is fixed in which slope and channel gradients proportionally decline, 

similar to that postulated for late stages of basin evolution by Davis [1932]. 

 

[82] By contrast, if headwater channels are nonalluvial, there is no characteristic form. 

Figure 16 shows the subsequent evolution of the steady state basin topography in Figure 6 under 

conditions where the lower matrix edge (base level) is suddenly constrained to remain at a fixed 

level, and Figure 17 shows the decrease in the dimensionless hypsometric integral from the initial 

steady state to that of the topography in Figure 16. Slopes and headwater channels continue to 

erode at rates and with gradients little changed from the steady state values until elevations are 

reduced to very close to the now fixed base level, at which time gradients rapidly decline. Note 

that all channels in this simulation are specified to remain nonalluvial. This abrupt transition 

occurs first near the fixed base level and propagates headward. Thus base level control in 

headwater areas is indirect and slow to be manifested. The pattern of slope evolution in this case 

is more nearly consonant with models of parallel slope retreat [e.g., Bryan, 1940; Penck, 1953; 

King, 1953]. 

 

 
 

 

Figure 16. Landscape resulting from further erosion of initially steady state landscape shown in Figure 6 

after base level becomes fixed. (Google Photo) 
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Figure 17. Dimensionless hypsometric curves of an initial steady state landscape (Figure 6) and the 

landscape resulting after base level becomes fixed (Figure 16). 

 

21. Mixed Alluvial and Nonalluvial Channels 

 
[83] A few simulations have been conducted in which both nonalluvial and alluvial 

channels are permitted. The simulation rules for transitions between the two types of channels 

have been discussed above. In general, alluvial channels occur in downstream areas where 

gradients decline to the point where supplied bed load sediment equals transport capacity. Two 

cases have been simulated: the development of an alluvial fan at a faulted mountain front and the 

gradual development of an alluvial pediment graded to a fixed base level. 

 

[84] The alluvial fan simulation is illustrated in Figure 18. Initial topography is a very 

slight slope toward the lower edge interrupted by a steep scarp. Erosion of the scarp face is 

accompanied by fan deposition beyond the scarp base. All eroded regolith and bedrock is 

assumed to be of bed material size and to be deposited in the prograding fan. During each 

iteration the sediment and streamfiow debauching from the scarp wall and the eroding canyons is 

routed downstream and deposited using the scheme presented in (30-36). Flow and sediment from 

each of the eroding channels follows a single course through the fan during each iteration, but 

owing to sediment deposition causing aggradation, alternate flow paths of steeper gradient across 

lower, older portions of the fan are utilized during subsequent iterations so that the fan form 

builds rather uniformly. The simulation illustrates the lateral interaction of fans of different sizes 

and the lower gradient of fans with larger contributing drainage areas (due to the greater sediment 

transporting capacity of larger discharges). Owing to the limitation of flow to one of eight 

directions at each cell, the fan assumes a prismatic shape during its growth. Along each flat face 

the total path length to the edge of the fan is equal. More realistic simulation of fan development 

will require either relaxation of the directional constraints or making the deposition process more 

irregular by having change of flow path (avulsions) be more difficult and somewhat random, 

corresponding to development and eventual breaching of levees as occurs on natural fans. 
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Figure18 Dissection steep scarp and deposition of eroded sediment in an alluvial fan complex. Base level at 

lower edge is fixed (Google Photo)  

 

[85] The second simulation examines the development of an alluvial pediment graded to 

a fixed base level (Figures 19a and 19b). Initial conditions are a steady state topography resulting 

from a constant rate of base level lowering. The base level is then fixed, and as channel and slope 

gradients decline near the base level edge, a gradient is reached at which transporting capacity 

just equals sediment load supplied from upstream. As erosion progresses, the extent of alluvial 

channel expand, developing an alluvial expanse that is generally termed an alluvial surface or 

pediment, since the alluvial cover is thin. The alluvial channels slowly decline in gradient and 

elevation as a result of gradual decrease in sediment load from upstream as the headwaters are 

eroded. This pattern of slope replacement by expanding pediments has been well documented in 

badlands [Johnson,  1932;] Bradley, 1940; Smith, 1958; Schumm, 1962]. An example occurs 

in Mancos Shale badlands (Figure 20) near the Henry Mountains, Utah, where creation of 

badlands by rapid down cutting of the main drainage channel (the Fremont River) has been 

followed by gradual retreat of the badlands and their replacement by an alluvial surface 

[Howard, 1970, 1994]. As is discussed above and is illustrated in Figure 19, the characteristic 

pattern of slope and channel evolution is nearly parallel retreat of slopes until remnant slopes 

between pediments are narrow and low, after which a slow rounding of slope profiles occurs 

[Schumm, 1956b; Smith, 1958]. 
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Figure 19. Development and headward prograding an alluvial surface during continued erosion of an 

initially steady state landscape. The base level at the bottom of the matrix is fixed at a constant elevation. 

Successive stages of alluvial surface growth showing nearly parallel retreat of upland slopes. (Google 

Photo)  

 

A considerable speculative literature exists concerning the processes responsible for 

parallel slope retreat and replacement by encroaching pediments, both for badlands and for larger 

desert landscapes (sees reviews by Oberlander [1989] and Dohrenwend [1994]). Most 

observers have postulated special processes operating at the abrupt junction between the 

retreating slopes and the advancing pediment, including lateral planation, erosion by spreading 

waters or emerging through flow, and erosion due to hydraulic jumps. However, the process 

model presented here produces an abrupt, migrating pediment junction with no special processes 

other than the downslope increase in fluvial erosion potential due to greater runoff volume. 

 

[86] Fine-bed alluvial channels have a less convex profileሺ࢛~Ͳ.ʹ in (39)) than 

nonalluvial channels (« ~ -0.5 to-1.1). As a result, a downstream transition from no alluvial to 

alluvial can occur in steady state drainage basins for a range of values of constants in (10) and 

(28). Such landscapes are intermediate in appearance between those of Figure 4 or 6 and that 

shown in Figure 12a. The alluvial channels occur as a network only a single cell in width; this 

suggests that wide alluvial valleys common on some regions are produced either by valley 

widening due to meandering (not included in the model), or by a rate of base level lowering that 

is decreasing, static (Figure 19), or aggrading. 

 

22. Conclusions 

 

[87] The present model has been argued to represent, in a general way, the interaction of 

processes that produce drainage basins. The model has been justified primarily by the assertions 

that (1) the mathematical formulation of processes is reasonable, (2) simulated steady state 

drainage basins resemble in a qualitative sense natural drainage basins in areas of uniform relief, 

and (3) simulations of transient landform development conform to our understanding of how 

natural basins evolve, including the initial dissection of flat or sloping surfaces, scarp dissection  
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Figure 20. Badlands and alluvial surface   in the same general location shown in Figure 9. Badlands were 

created as a result of rapid lowering of the  river , but recent stability of river elevation has permitted 

headward prograding of an alluvial surface accompanied by erosional retreat of the badlands. (Google 

photo).  

 

with fan deposition, and slope retreat with pediment development. Validation of models of 

drainage basin development is hampered by limited opportunity to compare predicted with 

observed landform evolution. One opportunity for direct validation is in badland landscapes, 

where process measurements are feasible and landform evolution may be rapid enough for 

quantitative comparisons. An example is in the Mancos Shale badlands near Hanskville, Utah 

[Howard, 1970, 1994], where badlands have been created by rapid downcutting of the master 

drainage since the end of the early Wisconsinian and where landform dating and process 

measurements are currently in progress (R. Anderson, personal communication, 1993). G. 

Willgoose (personal communication, 1993) is undertaking a validation effort for his drainage 

basin evolution model in application to erosion of a mining spoil heap. Another potential means 

of validation is to estimate the model parameters based upon field measurements and process 

modeling in areas of uniform relief coupled with simulation modeling to determine whether 

predicted steady state landforms resemble, in a statistical sense, the natural landscape. The field 

program and modeling efforts of Dietrich et al. [1992, 1993] may provide the parameterization 

for such a study. Neither of these techniques would be expected to reproduce a particular 

landscape (initial conditions are usually uncertain, and the details of resulting landscape depend 

sensitively upon the initial conditions). Therefore morpho-metric comparison of simulated and 

natural drainage basins will be necessary, but it will require development of new means of 

characterizing landform scale, length, orientation, and relief properties, since extant 

morphometric parameters only crudely characterize basin form. Possible approaches include 

statistical measures of hypsometry, gradients, junction angles, slope profiles, fractal properties, 

topology, and frequency domain analysis. 
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[88] Although the model is poorly validated, a number of general observations about the 

model behavior probably also characterize general aspects of the evolution of natural landscapes 

with regolith-mantled slopes. 
 

 

1. The model is deterministic, with randomness involved only in the development of the 

initial low-relief topography. The simulations show that evens a small random 

component, as either initial or boundary conditions, is sufficient to provide the rich 

variation in landform texture that characterizes natural landscape. 

 

2. For a constant rate of base level lowering, a steady state topography eventually develops 

for any arbitrary initial topography. The steady state topographies produced from 

different initial conditions are different in detail but similar in general form (e.g., 

distributions of hillslope and channel gradients, drainage density, and slope profile 

characteristics). 

 

3. Very simple additive models of erosional processes produce landforms with spatial 

properties similar to natural drainage basins. This suggests that despite the temporal and 

spatial complexity of erosional processes, long-term basin evolution can be approximated 

through the use of reasonably simple models. 

 

4. As has been noted in field measurements of badland erosion, the relative importance of 

water erosion increases from the divide through the lower slopes to the streams. 

 

5. The drainage pattern exhibits strong pattern optimization in the sense used by Howard 

[1990a], in that drainage paths from source to outlet are reasonably direct and the 

drainage density is nearly uniform. 

 

[89] This is not a model for all landscapes. Even assuming the model adequately 

represents the processes it addresses, there are many circumstances not covered, including (1) 

exposure and weathering of bedrock on slopes, (2) large volume changes upon weathering (e.g., 

karst), (3) erosion dominated by partial area runoff, including sapping processes, (4) the low-

relief rock-mantled slopes discussed by Abrahams et al. [1994], (5) earth flows, energetic 

landslides, and debris avalanches, (6) transport in alluvial channels with appreciable downstream 

fining, (7) valley sidewall erosion by meandering, and (8) valley migration [Howard, 1990]. 

Some of these issues are addressed in the models of Ahnert and Kirkby cited earlier. Even in 

landscapes not well represented by the present process model, so long as there is a balance 

between a diffusive slope process and a concentra-tive channel process, most of the conclusions 

of this paper regarding general principles of landscape evolution would still be valid, particularly 

the inherent tendency to form slopes and integrated channels, the sensitivity to initial conditions, 

and the role of downstream channel concavity in determining basin shape. 

 

[90] In conclusion, the use of simulation models for addressing landform evolution in 

badlands (and drainage basins in general) has a bright future. The most important issues in use of 

such models are (1) developing appropriate process rate laws, (2) determining the boundary 

conditions (temporal and spatial) for the given situation, and (3) validation of the model through 

comparison of spatial variation in process rates or landform morphology between the model and 

the target natural landscape. 
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